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General discussions of the misuse of the analysis of covariance

statistical procedure may be found in articles by Elashoff (1969) and

é;: Glass, Peckham and Sanders (1972). Two problems which are discussgd
2;: in these references are the robustness and the power of the F-test
::f ! of the analysis of covariance with the presence of heterogeneous
EE" regression slopes. Both of the problems ma2y be addressed by application
* 0of a K-sample regression linear model.
A model equation for a one-way classification analysis of
covariance procedure is
_o o
Tk T hn, O T T BB H BB Y o
where T is the treatment effect (fixed) in group k, gk is the matrix
of observed covariates in group k, ?-is the 1xp row vector of covariate
means taken over the K samples and k =1, 2, ., . . , K,
. Let @ = H + T - ?%k' then

-~

-3
i ® Enk“k Rt , (1)

The analysis of covariance procedurel tests the hypothesis
HO: tl Ty T =T by testing the hy.fothesis Hl: @ = a, = 0,

@) = Oy = 0, « « « O = % = 0. The hypotheseas Hy and Hl are

* paper presented at the Annual Meeting of the American Educational
Research Association, April, 1976.
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equivalent if 8, = 32 =, . . = Bk since

o

—_ 9
Op " O STy T Ty YRGB, -8

Note also H_ and H, are equivalent if P=0".
o~

1 L
Equation 1 has the form of a K-sample regression model and

HO: 11

intercept parameters e k=1, 2, . . . K, of the model. Thus the

ST e =T is tested by testing the equélity of the

.
treatment effects are tested at the points where the regression planes
defined by each group intexsect the criterion variable axis.

Atiqullah (1964) used analytic methods to investigate the effect
of treatment slope interaction in analysis of covariance with one -
covafiate. His investigation showed that the eXpected value of the
difference of two estimaéed treatment effects is blased when homogeneity
of regression is not tenable,

Peckham’s empirical study (1970), based on Atiqullah's work,
suggested that the F-test of the analysis of covariance i1s increasingly
conservative as the variance of the within group regression slope
parameter increased. His result differs from the one to be developed
here, because his design chose the unequal regression lines to intersect
at the dependent variable intercept, the point at which treatment
effects are tested.

Kocher (1974) and Hamilton (1974) independently considered the
same problem in the case when the covariate was & random variable. In
both studies, the computer-generated values of the covariate yielded a
population grand mean of zero for the covariate, thereby creating nearly

the same situation as in Peckham's study.
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These three empirical studies found that, in general, the probability
of rejecting the true null hypothesis of equal treatment effects decreased
when the separate group regression 1ines are not parallel. One should
guard against over generalizing from the results of these investigations
for the following reasons; (1) The investigators had problems with sim-
ulating the linear model for analysis of covariance. These problems
included unequal group er:;r variances and non~zero correlations between

the covariate and the error variable. (2) Each of the investigators made

certain assumptions about the linear model. The assumption that the grand

mean of the covariate 1s zero has a definite effect on the outcome of this
prcblem. 4nd, (3) each study dealt with only one concomitant variable.

Analvtical Investigation of Robustness Using the K-Sample Regression

Linear Model
A K~sample fegression linear model will allow an analytical study of

the effect of heterogeneous regression planes to the analysis of covariznce

procedure,

The model equation of analysis of covariance, Equation 1 of the previous

section, may be incorporated into the linear model

y=X8+e (2)
where ‘): = (21’22’ f e sy zk)‘:
- o L
8= (apBoogabyr - v s %eBY7 @)
- HEE

and
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1 2 K
i. e. X 1s a super diagonal matrix.
The analysis of covariance hypothesis le a = a, = 0, @, ~ 03 = 0,
- = - T =
I 0 may be written as H,: L E 0 where

" R

1 ¢ -2 0" 0 ... O O o0 0

- - ~ -

L'=| . . (4)_

0 0o o0 0 0 ... 1 0 -1 0
{ ” ” 7 /

L' is a (K-1) x K(p+l) matrix of full row rank and

1 3
o
T, - PR -1, +B6

T, - PR, - 1, + PB
pg=| 2 -2, 3 -3 : (5)

k-1 " EBg-1 T Tk

\ 4

_0
B O

o o ©

If81=82ﬂ000=8K’then

g = - - - a
L'8 [11 Ty s Tg ™ Tg s o o o s Ty IK]

=

and L'8 =0 if t. =1, =1, =, . . = 1, , with the premise of homogeneity

of regression.

K

Suppose we rewrite Equation 5 as
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(r) = %) + 2By — Bp)

(t, - 13) + E(E - 92)

L'B = .
) - © o
(tg1 ~ T * PO~ By
_\o °

-

Y= (Y;s Yps + + + » Yg ;)" Note that if P= 0', then Y = 0. Also let

e = {(Tl - 12) ’ (12 - 13) s v v oy (IKrl - IK)}‘, then %'9 = e + Y.

Now 1f e: N({O, 02IN) then, the F-statistic for testing HI:'L'B = 0 is

(L'8)* [L'X'®)7IL]TY (L'8)/(R-1)
P = ~- - - - - - ,

SSE/ (¥-Kp-K)

-

where SSE = y' [I-X(X'X) X'l y . F(Hl) has non-central F-distribucion

- - m w

with non-centrality parameter A = B'L [L'(X'X) L]"! L78/2¢2 , denoted

F(H1>: F(K-l, N-KP-K, A)!

Let A = [L'(X'X) L) /202 , then A= (A + y)” A(A + ¥) or

A= ATAA + y'Ay + 27'AA . (6)

- - -

Suppose the treatment effects are equal, 4 = 0, then A = y'Ay . Since

-

A is a positive definite matrix A is greater than or equal to zero, and

equals zero if and only if vy = 0 , i.e. when the regression planes are

homogeneoys or when P = 0',

e -
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Therefore F(Hl) has a central F-distribution when the hypothesis
Hl is true only if Y= 9. In general when ?-% 9' s & consequence of
violating the homogenzity of regressions assumption when using the analysis
of covariance procedure 1s to increase the probability of a Type I error,
rejecting Hl when Hl is true. This follows from the fact that the expected
vélﬁe“of a non-central F-statistic is larger than that of a corresponding
central F-statistic. That 1is, E[F(Hl)] = n2(1 + leni)/(n2 -~ 2) when
F(Hl) 1s 2 non-central F-statistic with n, and n, degrees of freedom and
non-centrality parameter A. If XA = 0, then E[F(Hl)] = nzl(n2 - 2) (see
Searle, 1971, p. 51).

There 1s a shortcoming with the above approach which does affect the
outcome to some extent. The model above 1s not the usual analysis of
covariance model. The usuzl model estimates the within group slope
parameters, E, by pooling the observed covariate data from all the treat-
ment groups while the above model estimates the within group slope para-
meters K times, using the observed covariate data yithin each treatment
group.

The model equation of a one-way classification analysis of covariance
with the premise of homogeneity of regression, in the form of Equation 2,
is

y = §*§* + f* ,

where y 1s as before, e* has the same distribution as e,
. .
g* = (ga afs a%s s s ey 3-}:)‘ ’

and
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a1 }ul 0 R 0
B, 0 N, o0 0
X* n - - - - -
P 0 0 - - -
Py O 0 <
| )

For this model the unbiased estimate of ¢% is

g2 = y' [I-X*(X*'X*) 1x*"] y/(N-K~p), while, for the model used in the

previous development, the unbiased estimate of g2 is

A~
A

= y' [I-X(X'X) T1x') y/ (8-Kp-K) .

Also the usual analysis of covariance procedure estimates aﬁ by

A

uﬁ ; - P B while the model in this study estlmates & by

-.

A

oy = kBk .

The differences between the two models can only lead to the conclusion
that the models are equivalent for large samples given reasonable values
of K and p. Theoretically the two models are equivalent, given homogeneity

of regression, as n, approaches infinity.

k
However, the conclusions of an increased probability of committing
a Type I error when homogeniety of regression is not tenable still stands.

For this is an optimum result given a large sample and in statisties

results are usually less than optimum when based on small samples.
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Power of the Analysis of Covariance Test of Hypothesis

The model developed in the previous section may also be used to
inveséigate the power of the analysis of covariance test of the hypothesis
of equal treatment effects.

The power of & test is the probability of rejecting the null hypothesis
when it is not true or the complement of the probability of committing a
Type II error.

The consideration of this topic, using the present approach, is of
little practical value since one usually uses a power function to determine
a2 minimum sample size for which & prespecified practical difference between
treatments would be judged statistically significant. Considering the
comments at the end of the previous section, the model we shall use will
yield optimum results for large samples only. But the importance of this
topic can be summed up in two sentences found in an article by Glass,
Peckham and Sanders (1973, pp. 277-9). They wrote, "Further study is
needed to determine the effects of unequal slopes on the power of analysis
of covariance. This could very well be the crucial issue."

The null hypothesis of analysis of covariance is Hl: L'g = 9 where
g and L' are defined in the previous section by Equa;ions 3 and 4 respectively.

The test statistic of Hl is

@We” L&D L7 @B/ (&)
F(H]_) = Ao~ ~o,

SSE/ (N-Kp-K)
and F(Hl): F(K~1, N-Kp-K) when Hl is true. 1If I-I1 is not true, then

F(H,): F'(K-1, N-Kp=K, 1), where X = (L'8)" [L'(X'R) L1 (L'8)/20% .

9
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Let P(II) be the probability of a Type II error occurring, then
g(A) = 1 - P(II) is, by definition, the power of the test evaluated at
the point A. We shall refer to g8{A) as the power function.

Now P(II) = Pr {F(H ) < F (K -1, N-Kp-K)} when
F(Hl): F' (K-1, N-Kp-K, A) , or

P(1I) = Pr {F' (K-1, N-Kp-K, A) < F, {K-1, N-Kp-K)}

l-a
where o is the prescribed level of significance of the test. Thus
. B(A) = Pr {F' (K-1, N-Kp-K, A) > Fi_ (K— N-Kp-K) }
(see Searle, 1971, p. 126).

From Equation 6 of the previous section

A= ATMA 4+ y'Ay + 2y'AA

L T PP

where 8 = (1) = Ty, T) =Ty . 00y Ty T Ty)
I= (Yll Yz’ L A YK_l) ] Yk = E(Ek"‘l - gk)
and | A= [L'@X'¥)71L)71/262

If y=0and A = 0, then A = 0 and

B(A) = pPr {F'(K-1, N-Kp-K, 0) > Fi. (K—l, N-Kp-K) }

or g(A) o, and thus the test of the hypothesis le L'8 = 0 is a level

o test.

If vy = 0, then A = A'AA and A > 0 if ﬁ 4 0

- E

If a = 0 then A = y'Ay and A > 0 if Y # 0

L

When A ¥ 0 and vy # 0, then A > 0 and A = 0 only when A = -y since

A= (s +y)” A(A + v) and the matrix A is positive definite. Thus when

- @ ¢ ¢ °
(tg =Ty Ty =Ty v s Ty T T T BBy = Bys By - By e e s B By
" the power function equals a.

10
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Thus to restate the conclusion of the previous section, when y = 0,

the power function is an increasing function of X = A’AA and the minimum

-

of the power function occurs at the point e = 9. However, when Y # 9,

the minimum of the power function now occurs at the poiﬁt for which

A= (e + I)"é(é +y) = 0. So that B(A\) > « and equals ¢ 1f and only if

f = 7. Hence, barring the rare event of A = -y, the level of significance

of Hl will always be greater than its prescribed value of o, when y # 0,

How the power function when y = 0 differs from the power function

-

L

when ¥ =‘ﬁ # 0 depends on A. Let Al = A'AA and 12 = (A+a)” A(A + a),

- = L) T
then Az Al f ée + 2§ éé and B(Al) < B(Az) if Al < Az. Note again

that B(Az) > ¢ since Az - Al > 0 when e = 9. Let f(e) = A2 - Al or

f{A) = a’A(a + 2A), then

- o

f{a) = 3a'Aa ,

-

f(-a/2) = 0,

£(0) = a'ha ,
and f(_i) = -i'Aa .
Thus
B(Al) < B(Az) when e = f or é = 9 .
B(Al) = B(Az) when e = -§/2 .
and B(Al) > B(Az) when A=-a,

Unless K = 2, it is difficult to determine the relationship between

B(Al) and B(Az) when A is not a constant multiple of a. When K = 2, then

a
tw

A and a are scalars.

- -

The further development of this topic will only cousider the situation

when K = 2. This does not substantially limit the investigation, because

11
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even though a is a scalar, it still is a function of p-covariates and
now our concern can be considered as a nultiple pairwise comparison
problem of treatment effects yhen K > 2,
Now £(4) = aA(a + 24) is a linear equation in A and for
& < ~al2, £(8) < 0; for & > a/2, £(4) > 0; and when & = -a/2, £(4) = 0.
With tﬁis information a graph of B(Al) and B(Az) versus & can be

drawn and would have the appearance of the following figure.

” ’//”’,,afw——
Pl
- B(Ay = &
-a -1/2a |0 1/2a +a A

Figure 1
B(Al) is the power function when vy = 0
B(Az) is the power function when y = a
The curves B(Al) and B(Az} are asymptotic to the line B(X) = 1 and
achieve their minimum at B(A) = a, the level of significance.
Recalling that & = LT, and a = ?YEZ - El), if

T, - T, < -(1/2) 5162 - Bl), then the power of the F-test of the hypothesis

1 L

Hyp 1y =1y is reduced when El # EZ' But the power of the test is increased
—o o
when T, - T, > -(1/2) E(EZ - El) under the same condition.
Thus, to summarize, in the general case when the grand mean vector
of the covariates is not zero, heterogeneous regression slopes increase

the probability of a2 Type I error, rejecting Ho when Ho is true, and

12
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elther increases or decreases the power of the F-test of equal treatment
effects depending upon the relationship of (tl - Tz) with respect to
- o

P(e,2 - ﬁl). For a sufficiently large difference of (rl - Tz) the power

_e °
function is close to one, regardless of the value of P(B2 - Bl).

This result is limited to the case of a large sample experiment
with p-covariates and where interest would be in pairwise comparisons
of the treatment effects when the number of treatment groups are greater

than two.
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